Additional nonlinear terms to nonlinear Schrödinger (NLS) type equations with second order linear dispersion usually lead to nonintegrability. We present a method through a novel Kundu-Eckhaus hierarchy which can systematically generate higher nonlinearities in NLS and derivative NLS equations preserving their integrability.
Nonlinear Schrödinger equation (NLSE):
iq t + q xx − 2σ|q| 2 q = 0
as well as derivative NLSE (DNLSE)
arising in different physical context [1] , represent well known integrable systems. The integrability of such systems as well as the stability of soliton solutions inherent to such equations is supposed to be due to a fine balance between their linear dispersive and nonlinear collapsing terms. Therefore, in some physical situations , which demand addition of higher nonlinear terms to (1)-(2) [2] this balance apparently is lost and the system turns into a nonintegrable one, not allowing analytic solutions [3] . On the other hand, together with the well known NLSE and DNLSE (1)- (2) there exists a tower of equations in their integrable hierarchy corresponding to higher conserved charges, where higher and higher nonlinear terms do appear. However at the same time higher order linear dispersive terms appear in these integrable equations, apparently to compensate for the higher nonlinearities and for restoring the balance. For example, the next equation in the integrable hierarchy of NLSE has the form q t + q xxx + 6σ 2 |q| 2 q x = 0 (3) with higher nonlinearity |q| 2 q x , which however has a compensating higher order linear dispersive term: q xxx .
Therefore it is natural to ask whether one can consider additional higher nonlinear terms to the original equations (1)-(2) without adding any higher order linear dispersive term, though at the same time preserving their integrability. Moreover, we may enquire whether it is possible to find a systematic way for generating such terms in a hierarchical manner. We focus here on these intriguing questions and find affirmative answers to them by explicitly deriving the hierarchy of Kundu-Eckhaus equation [4, 5] .
It has been shown [4] that, under a nonlinear transformation of the field q → Q = qe iθ with arbitrary gauge function θ the NLSE yields an integrable higher nonlinear equation
The DNLSE is extended similarly under the same field transformation to [4] 
It is interesting that the generation of such new integrable equations may be linked to the gauge transformation of the corresponding Lax equations : Φ x = UΦ, Φ t = V Φ, of the NLSE and DNLSE to the new systemsΦ x =ŨΦ,Φ t =ṼΦ, with the gauge transformed Lax operators
, where the gauge matrix h ∈ U(1) is given by h = e iθσ 3 , with arbitrary gauge field θ(x, t). Note that though both of the equations (4),(5) have been studied quite extensively [6, 7, 8] , those were confined mostly to the particular functional choice for θ as θ = δ x |Q(x ′ )| 2 dx ′ , with a real parameter δ. Under this choice the NLSE (1) is extended to the Kundu-Eckhaus (KE) equation [4, 5, 9, 10] .
while the DNLSE (2) turns into a similar equation [4] 
Note that in both the above KE type equations higher nonlinear terms including terms with 5-th power nonlinearity are added, without changing the linear dispersive term and without spoiling the integrability of the system. It was detected [4] that, for the parameter choice α = 2δ and α = δ (7) turns into two other well known equations, e.g. Chen-Lie-Liu [11] and Gerdjikov-Ivanov equations [12] . We intend to generalize now the concept of the KE equations and hence find the general form for the additional nonlinear terms for both NLSE and DNLSE, such that they can be included without altering their linear dispersion and preserving their integrability. We find a novel hierarchy of KE equations which provides a systematic way for such a construction. We observe first that for the known KE equations, the gauge function θ is given through its x and t derivatives as θ x = δ|q| 2 , θ t = iδ(q * q x −* x ), for the NLSE , while as
, for the DNLSE. It is important that, in both these cases the necessary condition (θ x ) t = (θ t ) x must hold, which may be checked to follow from the validity of the NLSE and DNLSE for the field function q(t, x). Therefore, the idea of widening this particular choice of θ and finding a hierarchical rule, is to exploit the conservation relations iρ t + I x = 0 for these well known integrable systems having infinite number of conserved quantities in involution, by considering θ x = ρ and θ t = iI.
We present a general framework for deriving the required conservation rule for both NLSE and DNLSE. We start with the Lax equations: Φ x = UΦ, Φ t = V Φ with Φ = (Φ 1 , Φ 2 ) and eliminate Φ 2 from both these equations. That would yield from the first Lax equation a second order linear equation for Φ 1 :
where U ij are matrix elements of the space-Lax operator U. Representing now Φ 1 = e
the linear equation (7) turns into a Riccati equation for φ x = ν(λ):
which after expanding ν(λ) in powers of λ −1 generates the infinite set of conserved densities c n . On the other hand from the time-Lax equation we derive φ t = V 11 + V 12
, while the space-Lax equation gives
After taking x-derivative this gives the crucial relation
Note that we can derive now the conservation law and hence the hierarchical expressions for the gauge field θ from (9) for concrete systems NLSE and DNLSE by inserting the corresponding expressions for the Lax matrix elements U ij , V ij .
I. KE hierarchy from NLSE
We concentrate first on the NLSE system, for which the conservation relations are established explicitly in [13] . Using the known form of the Lax matrices for the NLSE:
we derive the Riccati equation from (8) as
Since ν vanishes at |λ| → ∞, expanding it in spectral parameter ν = i n=0 cn (iλ) n+1 , we find a recursion relation from (11):
This gives a systematic way for evaluating the infinite number of conserved quantities C n = c n dx, n = 0, 1, 2, . . ., which are in involution : {C n , C m } P B = 0. We focus now on crucial relation (9) and using the relevant Lax matrix elements associated with the NLSE derive its conservation relation
Expanding further ν(λ) in parameter λ, we get the hierarchy of relations
where all conserved densities c n can be evaluated from the recurrence relation (12) . Choosing therefore ρ (n) = − 1 σ c n and
c n ) we can derive finally the required conservation relation iρ
Considering few starting values n = 0, 1, . . . we can easily evaluate their explicit forms
etc. It is clear therefore that for the KE hierarchy we can have a series of choices for the gauge function θ given by
for each values of n = 0, 1, 2, . . ., where [x] = x + x * indicates real valued combination of x together with convenient normalization by some constants. Note that in this hierarchy of choices only the first one with n = 0 has been used so far [4] , while all other choices for θ (n) , with higher values of n, inserted in (4) would represent a novel hierarchy of KE equations, At the bottom of this hierarchy, as we see from (16), lies the known KE equation (6) . However it is important to understand that since in our construction the gauge field θ should be a real function, in choosing it through conserved densities c n , which in general might be complex valued as evident from (12), real combination of the expressions must be taken with proper care, along with any convenient normalization. Such a manipulation with c n obviously does not affect the conservation law (14) , since it is a linear equation in c n . For example, for n = 0 when c 0 is real we may have θ (0) x = δ|q| 2 , however for n = 1, when c 1 is complex valued, we must take θ (1)
to make it real. Similarly we get for
. Same precaution naturally has to be taken also in defining θ (n) t as indicated in (17). The integrable hierarchy of KE equations with higher nonlinearities we find here from NLSE have the same linear second order dispersive term as in the original equations.
We present explicit calculations only for the next higher equation in this hierarchy, i.e consider the case of n = 1 in (16) following the rule formulated above, , which gives
for which the consistency can also be checked independently by using the NLSE for the field q. However, since the equation for the transformed field q → Q with q = Qe
is of our interest, we have to rewrite all above expressions completely in terms of the new field, by expressing the functions θ x (q), θ t (q) through Q. For this purpose we find q
Similarly we can express θ t (Q) through Q giving
where E(Q) = 2σ|Q| 4 + 2|Q x | 2 − (Q * Q xx + QQ * xx ), and T (Q), M(Q), θ x (Q) are as defined in (19).
As a result we derive from the general form of the NLSE type higher nonlinear equation (4), the next hierarchical KE equation:
with E(Q), M(Q), T (Q) as defined above. Note that this is an integrable equation with complicated higher nonlinearities, though with the same linear dispersion as in the NLSE. The extra nonlinear terms appearing in (21) in addition to the NLSE are much simplified if we consider the parameter δ to be small and ignore all terms with higher orders in o(δ), leaving only the additional nonlinear terms as
. However though physical interpretation of such simplified terms is easier to make, the removal of other nonlinear terms turns the system into a nonintegrable one. The general form of the KE hierarchy can similarly be generated in the same form (4) where the hierarchy of gauge functions θ
x , n = 0, 1, 2, . . . should be chosen as (17) We generate in this way a new series of integrable KE equations from the NLSE in the form
where we have omitted real valued sign [·] of (17) due to notational simplicity, which however should be understood here, with the conserved densities c n , n = 0, 1, 2, obtained systematically from (12) and then expressed consistently in Q.
II. KE hierarchy from DNLSE
The steps formulated above may be applied now for finding the KE hierarchy for the DNLSE. For this purpose we have to use the general form of the conservation relation presented in (8)- (9), but customerize them for the particular case by considering the Lax operators [14] associated to DNLSE:
Note however that unlike the NLSE the required conservation relations for the DNLSE are not readily available in the explicit form in the literature and we have to find them carefully by inserting relevant expressions from (23). This gives from (7) the linear equation for Φ 1 in the form
yielding in turn the Riccati equation for the DNLS system as
Using now the consistent expansion in the spectral parameter: ν = i n=0 cn µ n , we get the recursion relation
which generates all higher conserved densities systematically starting from c 1 = α(iqq *
, etc, with the infinite set of conserved quantities of this integrable system given by C n = c n dx, n = 0, 1, . . ..
Using further the expressions for the Lax matrix elements from (23) we derive from (9) the crucial conservation law
For deriving therefore the KE hierarchy from the DNLSE we can use the general form (5) with the freedom for choosing the gauge function as
where the real valued sign [·] has the same meaning as explained above. For example, for n = 0 with real c 0 we have θ (0) x = δ|q| 2 , while for n = 1 with complex valued c 1 we must take θ
. Similar reasoning goes for the choice of θ (n)
t . This derives finally the new series of integrable KE equations of DNLSE type given in the hierarchical form
where again the real valuedness of c n as shown in (29) is to be understood, with the explicit form for c n obtained recursively from relation (26) and expressed consistently through the transformed field Q.
It is worth noting that in analogy with the known reductions [4] , The parameter choice α = 2δ in (30) would yield a new Chen-Lie-Liu type KE hierarchy , while α = δ would generate another Gerdjikov-Ivanov type hierarchy. Note that the starting relation of the general hierarchy (30) with θ (0)
α|q| 4 , obtainable from our formula has already been used for constructing the known KE from the DNLS [4] . Therefore for demonstrating the novelty of the present procedure, we take up n = 1, giving the next new case with
where
. For further application, as was performed also in the NLSE case, we have to express the gauge fields θ (1)
t (q) given by (31) completely in terms of the transformed field and rewrite T (q), E(q) through Q , yielding T (q) = T (Q) + 2iθ (1) x |Q| 2 and E(q) = E(Q). It is intriguing to note that compared to the NLSE case here the expression for E(Q) is enormously simplified. The reason for this miracle is due to the difference in the relative signs between two terms in the expressions of E(q) for NLSE and DNLSE cases, which in turn follows from the difference in the signs of c 1 in their derivative term in these two cases. After some algebra therefore we arrive at the required expressions
(1)
By inserting the concrete choice (32) with (33) in the general form (5) we derive finally for n = 1 the next KE equation in the hierarchy from the DNLSE as
x (Q)(2iQ x + α|Q| 2 Q)) = 0
where expressions for θ (1) x (Q), T (Q), E(Q) are obtained directly from (32-33) and θ (1) xx (Q) by extracting the x-derivative.
With the construction of these new series of KE equations for both types of NLSE and DNLSE containing higher and higher nonlinearities, it is demonstrated that suitable combinations of nonlinear terms, however complicated they might appear, may be added to the original nonlinear equations without changing its linear dispersion relation, and at the same time preserving the integrability of these new equations. It should also be mentioned that, each of the equations with higher linear dispersion in the integrable hierarchy of NLSE and DNLSE can generate in turn new KE hierarchy with the same higher order linear dispersive term.
It is interesting to recall that the generalized higher NLSE appearing naturally in many physical problems [2] can be reduced for particular parameter choice exactly to the known integrable KE equations (6), (7) . Therefoer we may hope that in some other physical situations, where equations with various hopelessly complicated nonlinear terms arise, could also be reducible to any of the higher nonlinear equations in the rich integrable KE hierarchy found here and hence could be exactly solved, at least for certain parameter choice. The method presented here is general enough and can be applied further for constructing new integrable KE hierarchies related to other nonlinear integrable PDEs with complex fields , e.g. mixed DNLS, complex mKdV etc.
